Abstract. We construct sets A, B in a vector space over F 2 with the property that A is "statistically" almost closed under addition by B in the sense that a + b almost always lies in A when a ∈ A, b ∈ B, but which is extremely far from being "combinatorially" almost closed under addition by B:
Introduction
The aim of this note is to prove the following result, which is a precise version of the claim made in the abstract. m . The details may be found in Section 3.
Whilst the construction is fairly simple, neither the construction nor its analysis seemed quite obvious to us and so we thought it worth recording in this short note.
A crude isoperimetric inequality for bands
By a band of width k in F 
Thus if i D/2 then
Then, applying the preceding inequality with i = ℓ, . . . , ℓ + k − 1 in turn and with A i := A ∩ L i , the claimed result follows by noting that all of the layers L i+k lie outside Σ.
If ℓ > D/2 then a very similar argument works, but we instead use the inequality
The example
Let 0 < δ < 1 < K, as in the statement of Theorem 1.1. Let k = 2k ′ + 1 be odd and of size ∼ 
It is straightforward to show that A is almost closed under addition by B in the "statistical" sense.
Proof. By symmetry it suffices to show that P(a + e 1,1 ∈ A|a ∈ A) 1 − 2 k
. If the projection of a to the first copy of
, then it is evidently the case that a + e 1,1 ∈ A. The probability of this event is precisely
since the sizes of the layers decrease away from the middle layer. 
, with (m − 1) copies of the usual band of width k. By a computation very similar to that in the proof of Lemma 3.1, we have |A+B
then we may take A ′ ⊂ A to be the product of some e 1,1 -invariant set in the first factor with an e 1,2 -invariant set in the second factor and so on to obtain A ′ + B ′ = A ′ . Note that any band in F m 2 of width 2 does contain a set invariant under a given basis vector e i,j .
These examples, in addition to showing that we cannot improve upon our bound of |B ′ | |B| 1/2 , should also convince the reader that there is nothing to be gained by taking our set A to live inside (F Suppose that
for some A ′ ⊂ A and B ′ ⊂ B. We begin by applying a variant of the Plünnecke-Ruzsa inequality due to Ruzsa [1, Chapter 1, Proposition 7.3]. A special case of this theorem tells us that if
such that 
The sets (A ′′ +kB ′ j )\A are disjoint for different j, as all the elements of such a set, considered as a subset of (F m 2 ) m , have their jth coordinate, and no other, lying outside the band Σ. It follows from this and (3.3) that
and therefore we have
It remains to establish the claim (3.4). To do this, identify B 
